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BEHAVIOUR OF FINITENESS OF THE SET OF ASSOCIATED
PRIMES UNDER RING EXTENSIONS
RAJSEKHAR BHATTACHARYYA
Abstract. We study the behaviour of the finiteness of the set of associated
primes of local cohomology modules, more generally of Lyubeznik functors,
under various ring extensions. At first, we review the results for flat and
faithfully flat extensions and we present new applications of them. Then,
we focus how the finiteness property of the set of associated primes of local
cohomology modules and Lyubeznik functors is transferred from extended ring
to the base ring of pure and cyclically pure ring extensions. We show that
finiteness property can be transferred from a ring to its pure local subring
and this extends the result of Theorem 1.1 of [Nu1]. Further, we observed
that under mild conditions on the rings, finiteness property comes down from
cyclically pure ring extensions to its local base ring. In particular, we observe
that the set of associated primes of Lyubeznik functors of a cyclically pure
local subring (which turns out to be Cohen-Macaulay) of equicharacteristic or
unramified regular local ring, is finite. There is an appendix on behaviour of
the Bass numbers under pure and cyclically pure ring extensions.
1. introduction
LetR be a Noetherian ring andM be a module over it. For an ideal I ⊂ R and for
some integer i ≥ 0, consider local cohomology module HiI(M) with support in the
ideal I. In the fourth problem of [Hu1], it is asked that whether local cohomology
modules of Noetherian rings have finitely many associated prime ideals. There
are examples given in [Si], [Ka], and [SS], which show that the set of associated
primes of i-th local cohomology module HiI(R) of a Noetherian ring R can be
infinite. However, there are several important cases where we have the finiteness of
the set of associated primes of local cohomology modules and we list them below:
(1) Regular rings of prime characteristic [HS], (2) regular local and affine rings of
characteristic zero [Ly1], (3) unramified regular local rings of mixed characteristic
[Ly2] and (4) smooth algebra over Z [BBLSZ]. These results support Lyubeznik
conjecture, ([Ly1], Remark 3.7):
Conjecture: Let R be a regular ring and I ⊂ R be its ideal, then for each i ≥ 0,
i-th local cohomology module HiI(R) has finitely many associated prime ideals.
It is well known that for any Noetherian ring R of dimension d and for any R-
module M , AssRH
d
I (M) is always finite, see [Mar]. Moreover, if the ring becomes
local then for any R-module M , we also have the finiteness of AssRH
d−1
I (M), see
Corollary 2.4 of [Mar]. Recently, in [Pu], it is shown that for an excellent regular
ring R of dimension d containing a field of characteristic zero, AssRH
d−1
I (R) is
finite, for i ≥ 0 and for every ideal I ⊂ R.
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2The conjecture is open for the ramified regular local ring, in fact, more specifi-
cally, it is open only for the primes that contain p (see [Nu3]).
In this paper, we study how the finiteness of the set of associated primes of local
cohomology modules transfers from extended ring to the base ring and vice versa,
under various ring extensions. More generally, whenever it is possible, we extend our
study to Lyubeznik functor, which is introduced by Lyubeznik in [Ly1]. Here, we
account for a brief description of it: Let Z be a closed subset of SpecR andM be an
R-module. We set HiZ (M) as the i-th local cohomology module ofM with support
in Z . We notice that HiZ (M) = H
i
I(M), for Z = V (I) = {P ∈ SpecR : I ⊂ P}.
For any two closed subsets of SpecR, Z 1 ⊂ Z 2, there is a long exact sequence of
functors
. . .→ HiZ 1 → H
i
Z 2 → H
i
Z 1/Z 2
→ . . .
We set T = T 1 ◦ · · · ◦ T t, where every functor T j is either H
i
Z for some closed
subset Z of SpecR or the kernel or image (or cokernel) of some map in the above
long exact sequence. T is known as Lyubeznik functor.
In section 2, we review the situations when the ring extensions are flat and faith-
fully flat. In section 3, we observe applications of these cases: Firstly, in Theorem
3.2 we show that for any smooth algebra over Noetherian semi-local domain of char-
acteristic zero, where each of its maximal ideal is generated by a prime in Z, each
local cohomology module has finitely many associated prime ideals. This general-
izes the result of the part of the Theorem 4.1 of [BBLSZ]. Secondly, in Theorem
3.3, we study how the finiteness property can come down from localized ring to
base ring. In [Nu2], finiteness of the set of associated primes of local cohomology
for polynomial ring or for power series ring over one dimensional Noetherian ring is
studied. Lastly, in Theorem 3.4, we extend the part of the result of Theorem 1.2 of
[Nu2], to polynomial and power series ring over two dimensional Noetherian local
ring.
‘Cyclically pure’ condition on a ring extension is the weakest condition among
the conditions namely, ‘faithfully flat’, ‘split’ and ‘pure’. We have ‘faithfully flat’⇒
‘pure’, ‘split’⇒ ‘pure’ where ‘pure’⇒ ‘cyclically pure’. In section 4, we observe the
behaviour of finiteness of the set of associated primes of local cohomology modules
as well as Lyubeznik functor under pure and cyclically pure ring extensions. In
Theorem 1.1 of [Nu1], it is proved that finiteness property of the set of associated
primes of Lyubeznik functor T can be transferred from the ring to its subring which
is a direct summand of it. In Theorem 4.1, we show that finiteness of the set of
associated primes of T can be transferred from the ring to its pure local subring
and this extends the result of Theorem 1.1 of [Nu1]. In Lemma 4.2, we show that
after a base change by a complete ring, cyclically pure extension remains cyclically
pure. Using Lemma 4.2 and under mild conditions on the rings, we find that
finiteness of the set of associated primes of Lyubeznik functor T comes down from
extension ring to its cyclically pure subring. We state this result in Theorem 4.3.
As a consequence, we observe that the set of associated primes of T of a cyclically
pure subring (which turns out to be a Cohen-Macaulay ring) of equicharacteristic
or unramified regular local ring, is finite, see Corollary 7 and Remark 6. Lastly,
there is an appendix on behaviour of the Bass numbers under pure and cyclically
pure ring extensions.
Throughout the papers all the rings are commutative Noetherian ring with unity.
For basic results and for unexplained terms, we refer [BH], [Ma1] and [Ma2].
32. a review on basic results
In this section, we review some of the known results regarding the behaviour of
finiteness of the set of associated primes of local cohomology modules under flat
and faithfully flat ring extensions.
For flat extension of Noetherian rings, finiteness property of set of associated
primes can be transferred from base ring to extended ring, but only under special
situation we can do the reverse. As for example, for faithfully flat extension we can
always do the reverse. The results of flat and faithfully flat extensions are given in
(1) of Proposition 2.1 and in Corollary 1. More specifically, in (2) of Proposition
2.1, we get the result for the reverse in the flat extension and from which Corollary
1 follows. The results of (2) of Proposition 2.1 extend (4) of Theorem 3.3.1 of [Gl],
from localization to an arbitrary flat extension.
Proposition 2.1. Suppose R → S be a ring homomorphism of Noetherian rings.
Let S be flat over R.
(1) For R-module E, if AssRE is finite then Ass S(E ⊗R S) is also finite.
For an R-module M , for every ideal I ⊂ R and for i ≥ 0, AssRH
i
I(R) is a finite
set implies that Ass SH
i
IS(S) is a finite set.
More generally, for Lyubeznik functor T , if AssRT (R) is a finite set then Ass ST (S)
is a also finite set.
(2) Converse will be true, if in addition to we assume that only for finitely many
primes p ∈ AssRE, pS is not a proper ideal of S. For the local cohomology modules
and for Lyubeznik functors, converse will be true if in addition to we assume that
only for finitely many primes p ∈ AssRH
i
I(R) and p ∈ AssRT (R), pS is not a
proper ideal of S.
Corollary 1. Let S be faithfully flat over R.
(1) For R-module E, AssRE is finite if and only if Ass S(E ⊗R S) is finite.
(2) In particular, for the local cohomology modules of an arbitrary R-module M ,
for every ideal I ⊂ R and for i ≥ 0, Ass SH
i
IS(M ⊗R S) is a finite set if and only
if AssRH
i
I(M) is a finite set.
(3) More generally, for Lyubeznik functor T , Ass ST (S) is a finite set if and only
if AssRT (R) is a finite set.
Remark 1. Both, for Proposition 2.1 and Corollary 1, assertions (1) and (2) are
well known. For (3), we observe that T (S) = T (R)⊗RS (see Lemma 3.1 of [Ly1]),
and result follows from first assertion.
For local cohomology modules we have the following lemma. The results are well
known result, but for the sake of completeness we present the proof.
Lemma 2.2. Consider an R-module M and let I be an ideal of Noetherian ring R.
For i ≥ 0, let HiI(M) be its i-th local cohomology module. Then, AssRH
i
I(M) ⊂
SuppRH
i
I(M) ⊂ V (I).
Proof. Since AssRH
i
I(M) ⊂ SuppRH
i
I(M), it is sufficient to show SuppRH
i
I(M) ⊂
V (I). For p ∈ SpecR, assume that (HiI(M))p 6= 0, then p should contain I, oth-
erwise, we get some element x ∈ I outside p which is unit in Rp. Since, every
element of HiI(M) is annihilated by some power of I, every element of (H
i
I(M))p
4is annihilated by some power of x. This implies that (HiI(M))p = 0. Thus
AssRH
i
I(M) ⊂ SuppRH
i
I(M) ⊂ V (I). 
We focus on the results of special situation of Proposition 2.1, when S =W−1R
for a multiplicatively closed set W of R and we summarise all these well-known
results in the following proposition.
Proposition 2.3. Let R be a Noetherian ring, p, q ∈ SpecR and W be a multi-
plicatively closed set. Then for an arbitrary R-module M , we have the following:
(1) For every i ≥ 0 and for every ideal I ⊂ R, pW−1R ∈ AssW−1RH
i
IW−1R(W
−1M)
if and only if p ∈ AssRH
i
I(M) and p ∩W = φ.
As a consequence, AssRH
i
I(M) is finite implies that AssW−1RH
i
IW−1R(W
−1M) is
finite.
(2) For every i ≥ 0, if only finite number of primes of AssRH
i
I(M) intersects
with W , then finiteness of AssW−1RH
i
IW−1R(W
−1M) implies the finiteness of
AssRH
i
I(M).
In particular, for every i ≥ 0, if only finite number of primes of V (I) inter-
sects with W , then finiteness of AssW−1RH
i
IW−1R(W
−1M) implies the finiteness
of AssRH
i
I(M).
(3) Let W = {an : a ∈ R, n ∈ Z+}. For every i ≥ 0, if AssRH
i
I(M) is contained in
the open subset D(a) = SpecR−V (a), then finiteness of AssW−1RH
i
IW−1R(W
−1M)
implies the finiteness of AssRH
i
I(M).
In particular, for every i ≥ 0, if V (I+(a)R) is finite, then finiteness of AssW−1RH
i
IW−1R(W
−1M)
implies the finiteness of AssRH
i
I(M).
In (1) of Proposition 2.3, we observe how finiteness property of associated primes
is transferred from R to W−1R, while in (2) and (3) of Proposition 2.3, we have
partial results that how finiteness property of associated primes can be transferred
from W−1R to R. For a more comprehensive situation, see Theorem 3.3.
3. behaviour of finiteness of the set of associated primes under flat
and faithfully flat ring extensions
In this section, we study three applications of the basic results as discussed in
the previous section.
3.1. Generalization of the result of the part of the Theorem 4.1 of [BBLSZ].
At first, we recall the definition of regular algebra, see ([Ma1], page 249). Here, we
call them as smooth algebra. We observe the following result for a smooth algebra.
Lemma 3.1. If B is a smooth A-algebra, then for any multiplicatively closed set
W of A, W−1B is a smooth W−1A-algebra.
Proof. Clearly W−1B is flat over W−1A. Consider P ∈ SpecW−1A with P =
pW−1A for some p ∈ SpecA. Now κ(pW−1A) = (W−1A)pW−1A/(pW
−1A)(W−1A)pW−1A =
Ap/pAp = κ(p). Thus for any finite extension L of κ(pW
−1A), W−1B ⊗W−1A L =
(W−1B⊗W−1Aκ(pW
−1A))⊗κ(pW−1A)L = ((B⊗AW
−1A)⊗W−1Aκ(pW
−1A))⊗κ(pW−1A)
L = B ⊗A κ(p)⊗κ(p) L = B ⊗A L. Since B ⊗A L is regular, we conclude. 
For the rest of this subsection we adopt the following terminology: We say a
Noetherian ring R satisfies ‘Finiteness condition of associated primes’ if for every
ideal I ⊂ R and for every i ≥ 0, AssRH
i
I(R) is finite. For primes a1, . . . , an in Z,
let Za1,...,an be the ring where every prime of Z is inverted except the prime ideals
5a1, . . . , an. Consider a Noetherian semi-local domain Va1,...,an of characteristic zero
with n maximal ideals where each of them is generated by each of the prime integers
a1, . . . , an. Clearly Za1,...,an sits inside Va1,...,an . This is a semi-local Noetherian
domain of mixed characteristic where every maximal ideal is generated by some
prime integer of Z. Certainly, this semi-local ring is a generalization of p-ring as
defined in [Ma2].
In the following theorem, we apply the results of Proposition 2.3 to show that
any smooth algebra R over Va1,...,an satisfies ‘Finiteness condition of associated
primes’. This generalizes the part of the result of Theorem 4.1 of [BBLSZ].
Theorem 3.2. (1) Let a1, . . . , an be prime integers in Z, Let R be a finitely gen-
erated flat Va1,...,an-algebra containing Va1,...,an as a subring of it. For any prime
a ∈ Z, if every finitely generated flat algebra over Va satisfies ‘Finiteness condi-
tion of associated primes’, then for every i ≥ 0 and for every I ⊂ R, we have
AssRH
i
I(R) is finite.
(2) In particular, let a1, . . . , an be prime integers in Z, Let R be a smooth
Va1,...,an-algebra containing Va1,...,an as a subring of it. Then for every i ≥ 0 and
for every I ⊂ R, we have AssRH
i
I(R) is finite.
Proof. (1) We proceed by induction on n. When n = 1, the result follows from
hypothesis. Now we consider the case n = 2. Set a1 = a and a2 = b. According
to the hypothesis, in R, a and b are coprimes. For any I ⊂ R, if it contains b, we
always have I +(a)R = R. Thus V (I)∩V ((a)) = V (I +(a)) = φ. Thus I can not
contain both a and b. So, we assume that b ∈ I. On the other hand, form Lemma
2.2 we get, AssRH
i
I(R) ⊂ SuppRH
i
I(R) ⊂ V (I). This implies that no prime of
AssRH
i
I(R) intersects with Wa = {a
n : n ∈ Z+}.
Now Vb is localization of Va,b for the multiplicatively closed set Wa. Let Ra be
the ring of localization for the multiplicatively closed set Wa. Since R is a finitely
generated flat Va,b-algebra, by above Lemma Ra is also a finitely generated flat
Vb-algebra. From hypothesis we find that AssRaH
i
J(Ra) is a finite set for every
i ≥ 0 and for every ideal J ⊂ Ra. Thus from (3) of above Proposition 2.3, for every
i ≥ 0 and for every I ⊂ R which contains b, we always have AssRH
i
I(R) is finite.
Now from the symmetry in the above argument, the same holds when a ∈ I.
Finally, assume neither a nor b is in I. Consider the multiplicatively closed set
Wa and Wb. If there are finitely many primes of AssRH
i
I(R) intersects Wa or
Wb, then using (2) of Proposition 2.3, we find AssRH
i
I(R) is finite. Otherwise,
each of the elements a and b are in infinitely many primes from AssRH
i
I(R). Set
Aa = {p ∈ AssRH
i
I(R) : a /∈ p}, Ab = {p ∈ AssRH
i
I(R) : b /∈ p} and Aa,b = {p ∈
AssRH
i
I(R) : a /∈ p, b /∈ p}. Here, Aa,b = Aa∩Ab and moreover no prime can contain
both a and b, since a and b are coprimes. Thus we find AssRH
i
I(R) = Aa ∪ Ab.
Now we observe the following: For a ∈ R, using (1) of Proposition 2.3 we get that,
p ∈ Aa if and only if pRa ∈ AssRaH
i
IRa
(Ra). From hypothesis AssRaH
i
IRa
(Ra) is
finite. Similar is true for b. Thus AssRH
i
I(R) is finite and this concludes the proof
of case n = 2.
Assume the result is true for n − 1 i.e. any finitely generated flat algebra over
Va1,...,an−1 satisfies ‘Finiteness condition of associated primes’. Now consider a
finitely generated flat algebra R over Va1,...,an . Set a1 = a, a2 = b and Va3,a3...,an =
U . Clearly, Va1,...,an = Ua,b. Now Ub is localization of Ua,b for the multiplicatively
closed set Wa. Let Ra be the ring of localization for the multiplicatively closed
set Wa. Since R is a finitely generated flat Ua,b-algebra, by above Lemma Ra is
6also a finitely generated flat Ub-algebra. From inductive hypothesis, we find that
AssRaH
i
J(Ra) is a finite set for every i ≥ 0 and for every ideal J ⊂ Ra. Thus,
from (3) of above Proposition 2.3, for every i ≥ 0 and for every I ⊂ R which
contains b, we always have AssRH
i
I(R) is finite. Now from the symmetry in the
above argument, the same holds when a ∈ I.
Finally, assume neither a nor b is in I. In this case, we can argue in the similar
way to that of n = 2 case. Thus we get that AssRH
i
I(R) is finite and this proves
the result for n. Thus inductively, we conclude the proof.
(2) From Theorem 4.1 of [BBLSZ] we know that every smooth algebra over Va
satisfies ‘Finiteness condition of associated primes’. Now, using Lemma 3.1 the
result follows from (1). 
3.2. Behaviour of finiteness of associated primes; when we come down
from localized ring to base ring. In Proposition 2.1 we observe that, for flat
extension of Noetherian rings, finiteness property of set of associated primes can
be transferred from base ring to the extended ring. We can do the reverse for
faithfully flat situation. Localization is never faithfully flat unless we localize the
ring trivially, i.e. by the set of units. Due to the flatness, in (1) of Proposition 2.3,
we observe that ‘Finiteness condition of associated primes’ goes up from base ring
to its localization. But, we have only partial results that how finiteness property
can come down from localized ring to base ring, see (2) and (3) of Proposition 2.3.
In the following theorem i.e. in Theorem 3.3 below, we study that how finiteness
property can come down from localized ring to base ring.
Theorem 3.3. Let R be a Noetherian ring of dimension d, and M an R-module.
Suppose that AssRMf is finite for every not unit f ∈ R. Then, AssRM is finite.
In particular, if AssRH
i
I(Rf ) is finite for every non unit f ∈ R and every ideal
I ⊂ R, then, AssRH
i
I(R) is finite.
Proof. Fix a maximal idealm = (f1 . . . , fn) ⊂ R. Let Df = Spec (R)−V (f), where
V (f) = {p ∈ Spec(R) : f ∈ p}. We know that Spec (R) = Df1 ∪ . . . ∪Dfn ∪ {m}.
Then,
AssRM = (Df1 ∩ AssRM) ∪ . . . ∪ (Dfn ∩ AssRM) ∪ ({m} ∩ AssRM)
= AssRMf1 ∪ . . . ∪ AssRMf1 ∪ ({m} ∩AssRM)
⊂ AssRMf1 ∪ . . . ∪AssRMf1 ∪ {m}
Hence, AssRM is finite.
Now the second assertion is immediate from the first assertion. 
We conclude the section with the following corollaries. This again shows that
how ‘finiteness of the set of associated primes’ comes down from localized ring to
the base ring.
Corollary 2. Let R be a Noetherian local domain of dimension d, which contains
a field of characteristic p > 0. Let for every prime p of the punctured spectrum of
R, Rp is regular, then for an ideal I ⊂ R and for i ≥ 0, AssRH
i
I(R) is finite.
Proof. For any non-unit a ∈ R, for every p such that a /∈ p, we have Rp is regular.
So RWa is regular. Using the result of [HS] the assertions follows. 
7Corollary 3. Let R be an excellent Noetherian local domain of dimension d, which
contains a field of characteristic zero, then for an ideal I ⊂ R and for i = d− 1, d,
AssRH
i
I(R) is finite.
Proof. For any non-unit a ∈ R, here, again RWa is an excellent regular ring. Using
the results of [Pu] and [Mar] the assertions follows. 
3.3. Extension of part of the result of Theorem 1.2 of [Nu2]. In [Nu2],
finiteness of the set of associated primes of local cohomology for polynomial ring
or for power series ring over one dimensional Noetherian ring is studied. There, in
Theorem 1.2, we observe a partial result regarding this fact. Here, we extend that
that result in the following theorem.
Theorem 3.4. Let (R,m) be a two dimensional Noetherian local ring and let S be
a polynomial ring over R. For an ideal J ⊂ S and for i ≥ 0, consider the local
cohomology module HiJ(S). Then, the subset of Ass SH
i
J(S), whose every element
contains only one fixed parameter, is finite.
Proof. Take a system of parameters σ, τ and consider the m-primary ideal (σ, τ)R.
Inverting σ, we get one dimensional ring Rσ. Now R/τR is local with maximal
ideal m/τR. Set R/τR = R¯ and m/τR = m¯. Clearly, σR¯ is m¯-primary ideal and
thus dim R¯σ¯ = dim R¯σ = dimRσ/τRσ = 0.
For i ≥ 0 and for an ideal J of S, consider HiJ(S). Let B ⊂ Ass SH
i
J (S) contains
only one of the parameter τ (say). Consider Sσ, which is a polynomial ring over Rσ
and for such a ring, using (1) of Proposition 2.3 we have, pSσ ∈ Ass SσH
i
JSσ
(Sσ) if
and only if p ∈ Ass SH
i
J (S) and σ /∈ p. Since p ∈ B contains only one parameter τ ,
it should not contain σ and hence B ⊂ Ass SσH
i
JSσ
(Sσ). Since, dimRσ/τRσ = 0,
from Proposition 3.6 of [Nu2] we find that the subset B of AssWσH
i
JSσ
(Sσ) is finite.
Thus we conclude. 
4. behaviour of finiteness of the set of associated primes under pure
and cyclically pure ring extensions
In this section, we study the behaviour of the finiteness of the set of associated
primes of Lyubeznik functor under pure and cyclically pure ring extensions. At
first, we review basic results for pure extensions. In Theorem 1.1 of [Nu1], it is
proved that finiteness property of the set of associated primes of Lyubeznik functor
T can be transferred from the ring to its subring which is a direct summand of it.
In Theorem 4.1, we show that finiteness property of the set of associated primes of
T can be transferred from the ring to its pure local subring and this extends the
result of Theorem 1.1 of [Nu1]. Then, in Lemma 4.2, we show that after a base
change by a complete ring, cyclically pure extension remains cyclically pure. In
Theorem 4.3, where using Lemma 4.2, we show that under mild conditions on the
rings, the finiteness property of of the set of associated primes of Lyubeznik functor
T can be transferred from the ring to its cyclically pure local subring. In particular,
we observe that the set of associated primes of T of a cyclically pure local subring
(which turns out to be Cohen-Macaulay) of equicharacteristic or unramified regular
local ring, is finite, see Corollary 7 and Remark 6.
We recall the definitions of pure and cyclically pure ring extension: Let A→ B
be an injective ring homomorphism. For every A-module M , if M → M ⊗ B is
injective then we say A is a pure subring of B or the ring extension A → B is a
8pure ring extension. Moreover, if the map remains injective only after tensoring
with every A-module of the form A/I for some ideal I ⊂ A or equivalently, if for
every ideal I ⊂ A, A/I → B/IB is injective then we call the ring extension A→ B
as cyclically pure ring extension.
Remark 2. From definition, it is immediate that purity implies cyclic purity, but
the converse is true when the ring is approximately Gorenstein, see [Ho]. We men-
tion examples of approximately Gorenstein ring:
(a) For complete semilocal reduced ring, more generally locally excellent reduced
ring,
(b) For normal domain.
Here, we present examples of pure ring extensions:
Example 1. (a) If a ring extension is faithfully flat, then it is a pure extension.
(b) For a ring homomorphism A → B, if A is a direct summand of B, equiva-
lently if the map splits then it is pure.
(c) Here we mention a special situation when A is a direct summand of B:
Consider a group of automorphism G of the ring B and let A = BG. If there exists
Reynolds operator for the ring extension BG → B, then it is a pure extension.
For ring extension BG → B, Reynolds operator exists if, (i) G is linearly reductive
algebraic group (see ‘Main Theorem’ in [HR]) or, (ii) G is finite and G has an
inverse in B.
We also observe the following examples of cyclically pure ring extensions:
Example 2. (a) Every pure extensions are cyclically pure (see [Ho] or Remark 1,
for the situations when they are equivalent).
(b) In [Ho], we also have examples of cyclically pure subrings of small dimensions.
In section 3 and Example 5.4 of [Ho], we can observe cyclically pure local subrings
of dimension zero and one (see also reference [2] and [4] there).
(c) Let R be a C-affine local domain. Then, there exists a big Cohen-Macaulay
algebra B(R) of R, see [Sc1]. Observe the definition of B(R)-regular ring, see 5.1
Definition of [Sc1] (as for example, regular rings are B(R)-regular ring). It follows
immediate from the definition that R is B(R)-regular if and only if R → B(R) is
cyclically pure.
(d) Consider the situation of above example. Let S be a subring (possibly Noe-
therian) of B(R) such that R → S is an inclusion map. Since I ⊂ IS ∩ R ⊂
IB(R) ∩ R = I, we get that R is cyclically pure in S. Thus, if R is B(R)-regular
then for any subring S (possibly Noetherian) of B(R) containing R, R is cyclically
pure in S.
(e) In ([Sc2], Theorem 2.2), we have another ‘sufficient’ condition for a Noe-
therian local ring to be a cyclically pure subring of an arbitrary ring: Let (R,m) be
a Noetherian local ring with residue field k and let S be an arbitrary R algebra. If
TorR1 (S, k) = 0 and mS 6= S, then R→ S is cyclically pure.
We note the following observation.
Remark 3. Let A → B be a homomorphism of Noetherian rings. Let M be a
finitely generated B-module. From ([Ma2], Exercise 6.7), we find that if AssBM is
a finite set then so is AssAM . For arbitrary B-module M we have a proof given in
the Corollary 1.7 of [Ya]. This will be used in the following theorem.
9Theorem 4.1. (a) Let (R,m) be a Noetherian local ring and R→ S be a pure exten-
sion of Noetherian rings. Then, for Lyubeznik functor T , finiteness of Ass ST (S)
implies the finiteness of AssRT (R).
In particular, for every i ≥ 0, if Ass SH
i
J (S) is a finite set for every ideal J ⊂ S,
then for every i ≥ 0, AssRH
i
I(R) is also finite set for every ideal I ⊂ R.
(b) Let R→ S be a pure extension of Noetherian rings (where R is not necessarily
a local ring). Then for every i ≥ 0, if Ass SH
i
J(S) is a finite set for every ideal
J ⊂ S, then for every i ≥ 0, AssRH
i
I(R) is also finite set for every ideal I ⊂ R.
Proof. (a) For pure extension R → S, consider the extension Rˆ → Sˆ, where Sˆ is
completion of S in m-adic topology. From Corollary 6.13 of [HR], we find that
Rˆ→ Sˆ is also pure. From Exercise 9.5 in page 64 of [Hu1], we find that extension
Rˆ→ Sˆ actually splits. For Lyubeznik functor T , consider T (R). Since Ass ST (S)
is a finite set, from faithfully flat ring extension S → Sˆ, Ass SˆT (Sˆ) is also finite
set, see Corollary 1. Since, extension Rˆ → Sˆ actually splits, using Theorem 1.1 of
[Nu1] we have the finiteness of Ass RˆT (Rˆ). Now, again by Corollary 1, from the
result of faithfully flat base change we observe that AssRT (R) is a finite set. Thus
we conclude.
Second assertion is immediate.
(b) For pure extension R→ S, using corollary 6.8 of [HR], HiI(R) can be thought
as R-submodule of HiIS(S). Here S is also an R module, we can think H
i
IS(S) as
HiI(S) due to base change. Since Ass SH
i
IS(S) is a finite set, from above Remark
AssRH
i
I(S) is also a finite set. Since H
i
I(R) ⊂ H
i
I(S) as an R-submodule, we get
that AssRH
i
I(R) is also finite. 
The result of (b) of Theorem 4.1 is known and it is already obtained in ([Nu1],
Proposition 2.2) and the proof of Theorem 4.1 (b) is similar to that of ([Nu1],
Proposition 2.2), except the use of Corollary 1.7 of [Ya], as mentioned in Remark
3.
There are immediate applications of Proposition 4.1, which are given in the fol-
lowing corollaries and in remark 5. It is to be noted that Corollary 4 and Corollary
5 are known ([Nu1]).
Corollary 4. Let G be a linearly reductive affine linear algebraic group over a field
k of arbitrary characteristic acting k rationally on a regular Noetherian k-algebra
S. Then for ring of invariant SG, for every i ≥ 0, Ass SGH
i
I(S
G) is finite for every
ideal I ⊂ SG.
Corollary 5. Let K be a field and let R be a regular domain containing K. Let
G be a finite subgroup of the group of automorphisms of R and assume that |G| is
invertible in K. Let RG be the ring of invariants of G. Let I be an ideal in RG.
Then for all i ≥ 0, if R has the property that AssRH
i
J(R) is a finite set for all
ideals J of R and for all i ≥ 0, then RG has similar property.
In particular if K has characteristic p > 0 or if R is a finitely generated K-algebra
then the number of associated primes of HiI(R
G) is finite.
Corollary 6. Let S be normal domain and SG be cyclically pure. For every i ≥ 0, if
Ass SH
i
J (S) is a finite set for every ideal J ⊂ S, then for every i ≥ 0, Ass SGH
i
I(S
G)
is also finite set for every ideal I ⊂ R.
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Remark 4. Proposition 4.1 implies that certain class of Cohen-Macaulay rings
which arise in the following ways enjoy the finiteness property of associated primes
of the local cohomologies.
(a) From the ‘Main Theorem’ of [HR] we find that SGs of the above corollary
are Cohen-Macaulay. The Cohen-Macaulay rings which arise in this fashion, we
have finiteness of Ass SGH
i
I(S
G) for every i ≥ 0 and for every ideal I ⊂ SG.
(b) Observe the following theorem from [HR]: If S is a regular Noetherian ring
of characteristic p > 0, and R is a pure subring of S, then R is Cohen-Macaulay.
The Cohen-Macaulay rings which arise in this fashion, we also have finiteness of
AssRH
i
I(R) for every i ≥ 0 and for every ideal I ⊂ R.
In the above situation, when R is a cyclically pure subring of S, see Remark 6.
We need the following lemma to prove our main results.
Lemma 4.2. Let R → S be a cyclically pure ring extension of Noetherian rings,
where R is a local ring with maximal ideal m. Then Rˆ→ S¯ = S⊗Rˆ is also cyclically
pure.
Proof. We observe the following fact: Consider a ring homomorphism A → B of
Noetherian rings where (A,m) is a Noetherian local ring with maximal ideal m.
Let for every m-primary ideal q ⊂ A, qB ∩ A = q, then for every ideal I of A,
IB ∩ A = I i.e. ring homomorphism is cyclically pure.
To see this we mention the following fact: For any ideal I ⊂ A, I can be written
as an arbitrary intersection of m-primary ideals. This is due to Krull-Intersection
Theorem. As for example one can think I =
⋂
∞
n=1(I +m
n). Let I =
⋂
i∈Ω qi where
Ω is an arbitrary index set. Thus I ⊂ IB∩A ⊂ (
⋂
i∈Ω qi)B∩A ⊂ (
⋂
i∈Ω(qiB))∩A =⋂
i∈Ω(qiB ∩A) =
⋂
i∈Ω qi = I. This implies IB ∩ A = I.
Since R→ S is cyclically pure, for every m-primary ideal qi we have qiS ∩R =
qi. Let Rˆ be the completion of R in m-adic topology. Consider the following
commutative diagram.
Rˆ // S ⊗ Rˆ = S¯
R
OO
// S
OO
Going to the ring Rˆ with a maximal ideal mˆ via faithfully flat ring extension R→ Rˆ
we find that every mˆ-primary ideal qˆi is of the form qˆi = qiRˆ. Consider the ring
homomorphism Rˆ→ S¯ = S⊗Rˆ. Here qiS∩R = qi is equivalent to R/qi → S/qiS is
injective. Tensoring with Rˆ the last map remains injective i.e. we get Rˆ/qˆi → S¯/qˆiS¯
is injective. Thus for every mˆ-primary ideal we have qˆiSˆ∩Rˆ = qˆi. Thus from above
paragraph of the proof we get Rˆ→ S¯ is also a cyclically pure ring extension. 
We recall that a Noetherian semilocal ring is analytically unramified if its com-
pletion (by its Jacobson radical) is reduced see [Ma1]. Now, we state another
main result of this section, regarding the behaviour of the finiteness of the set of
associated primes of local cohomologies under cyclically pure base change.
Theorem 4.3. Consider a cyclically pure ring homomorphism R→ S of Noether-
ian rings where R is a analytically unramifed Noetherian local ring with maximal
ideal m.
(a) Then, for Lyubeznik functor T , finiteness of Ass ST (S) implies the finiteness
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of AssRT (R).
(b) In particular, for every i ≥ 0, if Ass SH
i
J (S) is a finite set for every ideal J ⊂ S,
then for every i ≥ 0, AssRH
i
I(R) is also finite set for every ideal I ⊂ R.
Proof. (a) From Lemma 4.2, we find that Rˆ → S¯ is also cyclically pure. Since
Rˆ is also reduced, using [Ho] or from above Remark 2, Rˆ → S¯ is actually a pure
extension. Moreover, from Exercise 9.5 in page 64 of [Hu1], we find that extension
Rˆ→ S¯ actually splits. For Lyubeznik functor T , consider T (R). Since Ass ST (S)
is a finite set, from faithfully flat ring extension S → S¯, Ass S¯T (S¯) is also finite
set, see Corollary 1. Since, extension Rˆ → S¯ actually splits, using Theorem 1.1 of
[Nu1] we have the finiteness of Ass RˆT (Rˆ). Now, again by Corollary 1, from the
result of faithfully flat base change we observe that AssRT (R) is a finite set. Thus
we conclude.
(b) This assertion is immediate from (a). 
We observe the following corollary.
Corollary 7. Let (S, n) be a regular local ring which is either (a) of equicharacter-
istic or (b) unramified. Let (R,m) be its cyclically pure subring. Then for Lyubeznik
functor T , AssRT (R) is a finite set.
In particular, for every i ≥ 0, AssRH
i
I(R) is finite set for every ideal I ⊂ R.
Proof. Let Sˆ and Rˆ be the completions of S and R in their respective n-adic and
m-adic topology. Here R → S is cyclically pure. From Lemma 6.7 of [AS] we find
that Rˆ → Sˆ is also cyclically pure and hence injective. This suggests that the
cyclically pure subring R of S is analytically unramified since Sˆ as well as S are
domain. From [Ly1], [Ly2] and [Ly3] we find that Ass ST (S) as well as Ass SH
i
J(S)
is a finite set, for every i ≥ 0, for every ideal J ⊂ S. Thus using Theorem 4.3, we
can conclude. 
Remark 5. Theorem 6.8 of [AS], which is a generalization of the theorem of [HR]
(as mentioned in (b) of Remark 5), states that a cyclically pure subring of a regular
local ring is Cohen-Macaulay. Thus Corollary 7 implies that a class of Cohen-
Macaulay rings which arise as cyclically pure subrings of a regular local rings, enjoy
the finiteness property of the set of associated primes of the local cohomologies.
We conclude the section with following observation.
Remark 6. In Lemma 4.2, we show that for a cyclically pure ring homomorphism
R → S of Noetherian rings where R is a Noetherian local ring with maximal ideal
m, Rˆ → S¯ = S ⊗ Rˆ is also cyclically pure. It is to be noted that S¯ will be equal
to Sˆ, if S is module finite over R, where Sˆ is completion of S in m-adic topology.
In Lemma 6.7 of [AS], we also observe that for Noetherian local rings (S, n) and
(R,m), if R → S is cyclically pure then so is Rˆ → Sˆ. But, there Sˆ and Rˆ are the
completions of S and R in their respective n-adic and m-adic topologies.
5. appendix: behaviour of the bass numbers under pure and
cyclically pure ring extensions
In this section, we prove results regarding the behaviour of Bass numbers under
pure and cyclically pure ring extensions (see Theorem 5.2 and Theorem 5.3). At
first, we recall the definition of the Bass number: Let T be a module over a ring R
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and p be a prime ideal of R. We define the j-th Bass number µj(p, T ) at p to be
µj(p, T ) = dimκ(p)Ext
j
Rp
(κ(p), Tp), where κ(p) = Rp/pRp.
We observe the following result regarding the Bass number.
Proposition 5.1. Consider Noetherian local ring (R,m) and let Rˆ be the m-adic
completion of R. Then for every R-module E, all the Bass numbers of E is finite
if and only if all the Bass numbers of E ⊗R Rˆ is finite.
Proof. From definition of the Bass numbers, we only prove the proposition for
maximal ideal m of R. Since R → Rˆ is faithfully flat, we have an injection
ExtjR(R/m, E)→ Ext
j
Rˆ
(Rˆ/mRˆ, E ⊗R Rˆ). Set k = R/m = Rˆ/mRˆ. If µj(mRˆ, E ⊗R
Rˆ) is finite, then Extj
Rˆ
(Rˆ/mRˆ, E ⊗R Rˆ) is also finite as an R-module. Since
ExtjR(R/m, E) is an R-submodule of Ext
j
Rˆ
(Rˆ/mRˆ, E ⊗R Rˆ), it is also finitely gen-
erated as R- module and we get the finiteness of µj(m, E). Other implication
is immediate since finite generated module remains finitely generated under base
change. This proves the proposition. 
We state the first result of this section.
Theorem 5.2. Let (R,m) and (S, n) be Noetherian local rings and R → S be a
pure ring extension, such that S be a finitely generated as R-module. Let S be
Cohen-Macaulay.
(a) Then for Lyubeznik functor T , finiteness of all the Bass numbers of T (S) im-
plies the finiteness of all the Bass numbers of T (R).
(b) In particular, for some ideal I ⊂ R, if all the Bass numbers of HiIS(S) are
finite, then all the Bass numbers of HiI(R) are also finite.
Proof. (a) For pure extension R → S, consider the extension Rˆ → Sˆ, where Sˆ is
completion of S in m-adic topology. Since S is finitely generated as an R-module,
Sˆ is also completion of S in n-adic topology. From Corollary 6.13 of [HR], we find
that Rˆ → Sˆ is also pure. From Exercise 9.5 in page 64 of [Hu1], we find that
extension Rˆ → Sˆ actually splits. For Lyubeznik functor T , consider T (R). Since
all the Bass number T (S) are finite, from faithfully flat ring extension S → Sˆ, all
the Bass numbers of T (Sˆ) are also finite, see Proposition 5.1. Now, Sˆ is Cohen-
Macaulay ring, which is also finitely generated Rˆ-module and moreover extension
Rˆ→ Sˆ actually splits. Thus, using Theorem 1.2 of [Nu1], we have the finiteness of
all the Bass numbers of T (Rˆ). Now, again by Proposition 5.1, from the result of
faithfully flat base change we observe that all the Bass numbers of T (R) are finite.
Thus we conclude.
(b) This assertion is immediate from (a). 
Now, we state the second main result of this section.
Theorem 5.3. Consider a cyclically pure ring homomorphism R → S of Noe-
therian local rings where (R,m) is a analytically unramifed and (S, n) is Cohen-
Macaulay. Let S be a finitely generated R-module.
(a) Then, for Lyubeznik functor T , finiteness of all the Bass numbers of T (S) im-
plies the finiteness of of all the Bass numbers of T (R).
(b) In particular, for some ideal I ⊂ R, if all the Bass numbers of HiIS(S) are
finite, then all the Bass numbers of HiI(R) are also finite.
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Proof. (a) From Lemma 4.2, we find that Rˆ→ S¯ is also cyclically pure. Since S is
finitely generated R-module, S¯ = Sˆ, where latter is n-adic completion of S. Since
Rˆ is also reduced, using [Ho] or from above Remark 2, Rˆ → Sˆ is actually a pure
extension. Moreover, from Exercise 9.5 in page 64 of [Hu1], we find that extension
Rˆ→ Sˆ actually splits. For Lyubeznik functor T , consider T (R). Since all the Bass
numbers of T (S) are finite, from faithfully flat ring extension S → Sˆ, all the Bass
numbers of T (Sˆ) are also finite, see Proposition 5.1. Now, Sˆ is Cohen-Macaulay
ring, which is also finitely generated Rˆ-module and moreover extension Rˆ → Sˆ
actually splits. Thus, using Theorem 1.2 of [Nu1], we have the finiteness of all the
Bass numbers of T (Rˆ). Now, again by Proposition 5.1, from the result of faithfully
flat base change we observe that all the Bass numbers of T (R) are finite. Thus we
conclude.
(b) This assertion is immediate from (a). 
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